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Abstract 

In their seminal paper [11] R. DiPerna and A. Majda introduced the 
notion of measure- valued solution for the incompressible Euler equations 
in order to capture complex phenomena present in limits of approximate 
solutions, such as persistence of oscillation and development of concentra- 
tions. Furthermore, they gave several explicit examples exhibiting such 
phenomena. In this paper we show that any measure-valued solution can 
be generated by a sequence of exact weak solutions. In particular this 
gives rise to a very large, arguably too large, set of weak solutions of the 
incompressible Euler equations. 

1 Introduction 

The incompressible Euler equations 

dtv + div(i' ®v) + Vp = 
div V = 

describe the motion of an inviscid fluid with constant density in d dimensions, 
d>2. If we are given an initial velocity field vq e L'^{R'^) with div?;o = weakly 
and a positive time < T < oo, then the weak formulation of these equations 
reads ^ 

{v-dt(t) + v®v:V(j))dxdt+ I VQ{x)(t){x,0)dx = Q\ (1) 

that is, we say that V 6 ifo^(M'' X [0,r];M'') is a weak solution if it is weakly 
divergence-free and satisfies (jl|) for every cj) e C^{R'' x [0,T);R'^) with div (/) = 0. 

Whereas classical solutions, if they exist, are unique in the class of dissipa- 
tive solutions (see [19] pp. 153-158) and moreover conserve energy, it has been 
known since the seminal work of Scheffer and Shnirelman that weak solutions 
are not unique and need not conserve energy. In |21| V. Scheffer constructed 
a weak solution in two dimensions with compact support in space and time, 
thus disproving uniqueness even for zero initial data (see also j22j for a different 
proof). A. Shnirelman in [23] later showed that there exist weak solutions with 
decreasing energy. In [8] and [9] these results were put in a unified framework 
based on convex integration and Baire category techniques. In particular in [9] 
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the authors show that various admissibihty criteria, hke energy conservation 
or energy dissipation, are neither sufheient to restore uniqueness nor can they 
provide for any regularity higher than L'^L^. 

Several weaker concepts of solutions for Euler have arisen in the literature, 
for example Brenier's generalised flows [HIS], Lions' dissipative solutions [TO] , 
and DiPerna-Majda's measure- valued solutions [TT]. The latter can be briefly 
described as follows: Given a sequence of velocity fields Vn{x,t), it is known 
from classical Young measure theory (see e.g. pi fTCll^l^l^ ) that there exists 
a subsequence (not relabeled) and a parametrised probability measure iyx,t on 

such that for all bounded test functions /, 

f{Vn{x,t)) ^ / fdv.:^^t 
JR'' 

weakly* in L°° . One can interpret the measure i'x,t as the probability distri- 
bution of the velocity field at the point x at time t when the sequence (vn) 
exhibits faster and faster oscillations as n ^ oo. Since we only have an 
bound on concentrations could occur for non-bounded /, in particular for 

the energy density f{v) = ||f P- DiPerna and Majda addressed this issue in [TT], 
providing a framework in which both oscillations and concentrations can be de- 
scribed. To this end they introduced a generalised Young measure and defined 
a measure-valued solution for Euler to be a generalised Young measure that 
satisfies the Euler equations in an average sense (see Section [2.31 below). By 
considering sequences of Leray solutions for the Navier-Stokes equations with 
viscosities tending to zero, they show global existence of measure- valued so- 
lutions for arbitrary initial data. In the context of the calculus of variations 
Alibert and Bouchitte later introduced a modified version of these generalised 
Young measures [1] , which we will work with. 

Our main result is the following (the relevant definitions can be found in the 
next section): 

Theorem 1. A Young measure {v, A, 1/°°) on R'^ with parameters in K'' x [0, T] 

is a measure-valued solution of the Euler equations with bounded energy if and 
only if there exists a sequence {vn)neK of weak solutions to the Euler equations 
bounded in C ([0, T]; i^(M'^; R'')) which generate the Young measure (i',A,i'°°) 
in the sense that 

f{vn)dxdt^{^j fdi^dxdt + {^j f°°dv'^^\ 

in the sense of measures for every f : S."^ M that possesses an -recession 
function f°°. 

The proof relies on the techniques developed in [319], in particular on the 
notion of subsolution. As a byproduct of our analysis, we establish a link between 
Euler subsolutions and measure- valued solutions in Section [2.41 

Theorem[T]shows that in a sense measure- valued solutions and weak solutions 
are essentially the same for the incompressible Euler equations in dimension 
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d > 2. In other words, we see that in the absence of any regularity, that is, 
on the level of or L°° solutions, the notion of weak solution is too weak to 
yield any information on the correlations of the velocities at different space- 
time points. Indeed, measure-valued solutions merely describe the one-point 
statistics Vx^t of the velocity field in a weakly convergent sequence. 

This is in contrast with weak and measure-valued solutions in other con- 
texts, such as hyperbolic conservation laws in one space dimension, where the 
two defining aspects of a measure- valued solution - the microscopic nonlinearity 
and the macroscopic conservation laws ~ are strong enough to lead to compen- 
sated compactness, see e.g. [TU]. In such situations the equations are usually 
complemented by a suitable entropy condition. As is well known, for the incom- 
pressible Euler equations a possible entropy condition is related to the kinetic 
energy ^ J |wp dx. Indeed, imposing the admissibility condition, that the energy 
should be bounded by the initial energy for all times, leads to the weak-strong 
uniqueness for the Euler equations: any weak solution with this initial data that 
satisfies the weak energy inequality is a dissipative solution in the sense of P.- 
L. Lions and therefore coincides with the smooth solution as long as the latter 
exists. For the admissibility condition in the context of hyperbolic conserva- 
tion laws see [71ITU] . The weak-strong uniqueness for admissible measure- valued 
solutions for the Euler equations (see Section [^3)1 was proved in [5]. Here we 
prove: 

Theorem 2. Suppose that {iy,X,iy°°) is an admissible measure-valued solution 
with initial data vq e (divvo =0). Then the generating sequence (u„) 

as in Theorem [7] may be chosen such that in addition 



The following existence result can be easily deduced from the proof of this 
theorem and the existence of admissible measure-valued solutions for arbitrary 
L^-initial data (cf. e.g. [6]): 

Corollary 3. There exists an L^-dense subset £ of the set of solenoidal LF'- 
vectorfields on M.'^ such that for every initial data in £ , there exist infinitely 
many admissible weak solutions of Euler. 

This is shown at the end of this work. Whether one can improve on the 
set £ of such "wild" initial data, and obtain an existence result for admissible 
weak solutions for a larger set of initial data, seems to be a very delicate issue. 
In particular, such an initial data needs to be highly irregular, for otherwise 
we would contradict the weak-strong uniqueness and classical local existence 
theorems (see e.g. Section 2.3 in [S]). Without the admissibility condition, 
existence of weak solutions has been shown in [24) for all initial data. 
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Finally, it should be mentioned that generalised Young measures are of im- 
portance not only in fluid mechanics, where they emerged, but have also been 
recognised a useful tool in the calculus of variations. In particular, the question 
has been of some interest how Young measures that arise from certain con- 
strained sequences can be characterised: The prototypic result is the theorem 
of Kinderlehrer and Pedregal [TC] which states that a (classical) Young mea- 
sure is generated by a sequence of gradients if and only if it satisfies a certain 
Jensen-type inequality. The result has been generalised to so-called A-iiee se- 
quences [13] and to generalised Young measures (T^JIHIIII]. Theorem [T] also 
gives a characterisation of Young measures that are generated by a constrained 
sequence (namely a sequence of Euler solutions) , but it differs from the previ- 
ously known results in two important respects: First, our problem does not fit 
into the A-iree framework since the constant rank condition is not satisfied; and 
second, our sequence not only satisfies a linear system of PDE's, but in addition 
a nonlinear pointwise constraint. More concretely, not only do wc generate the 
Young measure with an ^-free sequence, but with a sequence of exact solutions 
of the Euler equations. 

The rest of this paper is organised as follows: In Section [3] we recall the no- 
tion and key properties of generalised Young measures and admissible measure- 
valued solutions. Section [3] is devoted to the proof of Theorems [1] and [H It is 
split into several independent parts: First we apply the results of [S] to reduce 
the problem to finding appropriate subsolutions in Section [3Tl and we then use 
some more or less standard Young measure techniques in Section 13.21 to reduce 
to discrete homogeneous oscillation Young measures. In Section [3?3l we present 
an explicit construction of a generating sequence for discrete oscillation Young 
measures. Finally, in Section 13.41 we complete the proofs of Theorem [3] and 
Corollary |3] using an argument from [9]. 

2 Preliminaries 

2.1 Basic Notation 

Given a locally compact separable metric space X, we denote by Cc{X) the 
space of continuous functions with compact support and Co{X) the Banach 
space obtained from the completion of Cc{X) with respect to the supremum 
norm. Using the Riesz representation theorem the space of finite Radon mea- 
sures, denoted Ai{X), can be identified with the dual space of Co{X). We 
denote by A4^{X) and Ai^{X) the subspaccs of positive finite measures and 
probability measures, respectively. 

For an open or closed subset U c W", ^ e J\4^ (U) and an open or closed sub- 
set V £ R', we denote by L'^{U, ii;A4^{V)) the space of /x-wcakly*-measurable 
maps from U into M^{V). That such a map i> is /x-weakly*-measurable means 
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that for each bounded Borel function / : 1^ ^- M, the map 

X ^ {vxj) ■= / f{z)dvx{z) 
Jv 

is //-measurable. In case /i is the Lebesgue measure we omit the specification of 
the measure. 

We win denote by the space L'^{W^), by L^Ll the space {[Q,T\,Ll), 
and by CL^, the space C ([0, T]; i^(M'^)) of functions that are weakly continu- 
ous in time and in space; more precisely, it is the space of maps v : [0, T] 
L^{W^) such that the map 

I v{x,t)(f>{x)dx 

is continuous for each test function cj) e L'^{W^). 

We shall write A : B for the scalar product of two matrices in R'''^'^, that 
is, A : B = Y,i j AijBij, and v ^ w for the tensor product of two vectors in R'^, 
which is defined as a (d x (i)-matrix with entries (v w)ij = ViWj. Moreover we 
define for v e M*^ ^ 

V Ov := V i^v — 
d 

where is the d x d identity matrix. Note that w O w is symmetric and has 
zero trace. The space of symmetric {d x (i)-matrices is denoted by iS'^ and 
the space of traceless symmetric {d x (i)-matriccs by Sq. If : R'' R'^'*'' is 
a differentiable matrix- valued function, then div cj) is a vector field defined by 
(div(/))i = Ej dxj<l>ij- 

If / : X R and g :¥ ^M. are maps from some sets X, Y into, say, R, then 
/ ® g is a map X x Y ^ M. defined by / ® g{x, y) = f{x)g{y), whereas for two 
measures fi and living on two measurable spaces X and Y respectively, pL®v 
is a measure on X xY defined by (/i ® v){A x B) = fi{A)i'{B) for measurable 
subsets AcX,BcY. 

Finally, S"*"^ c R** is the {d- 1) -dimensional unit sphere. 

2.2 Generalised Young Measures 

In this section we recall the notion of generalised Young measure as introduced 
in [11] , [1] . For a more detailed and exhaustive discussion of (generalised) Young 
measures, see e.g. pilSlirS l fTT l l^ . 

Let £ R"* be an open or closed set, p e [1, oo), and (u'„)„en a sequence 
of maps f2 -> R' bounded in LP{n). We want to study the limit behaviour of 
sequences of the form (/(u;„(y)))„EN and, more generally, {f{y,Wn{y)))ne-N for 
a certain class of test functions /. Given / e C(rixR'), its L^-recession function 
/°° is defined as 

.00/ ,. f{y',sz') 
f (y, z) = lim , 



5 



provided the limit exists. Observe that in this case f°° is p-homogeneous, i.e. 
f°°{y,az) = a^f°°{y,z) for aU a > 0, ?/ £ fJ, z e M'. In this paper we consider 
test functions in the class 

Tp ■■= {/ € C(M') : f°° exists and is continuous on 5*'"^}, 

and more generally 

Tp{n) := {/ € C{n X M') : f°° exists and is continuous on 17 x ^'^^j. 

Examples of functions in J-p(n) are given by continuous functions satisfying 
\f{y,z)\ < C(l + Izj*) with < g < p, in which case f°° = 0, or by continuous 
functions which are p-homogeneous in z, in which case f°° = f. Of course, 
functions in J-p(fi) always satisfy a bound \ f{y,z)\ < C(l + \z\p) (where C may 
depend on y, however). 

A generalised Young measure on M} with parameters in f2 is defined as a 
triple (i/, A,z^°°) such that 

and 

Observe that ly is only defined Lebesgue-a.e. on ft and 1^°° is defined only A-a.e. 
on O. Classical Young measures are simply those where A = (in which case 
1/°° is immaterial). In this case we simply write instead of a triple. 

We are now able to state the following important result of Alibert and Bouch- 
itte, which is a refinement of the construction in [11] (for proofs, see [1], [17], [6]): 

Theorem 4. (Fundamental Theorem for Generalised Young Measures.) 

For p € [l,oo) let {wn)neN 1 Sequence of maps $7 ->■ M' bounded in L^(r2). 
Then there exists a subsequence (not relabeled) and a generalised Young measure 
(i/, A,i/°°) such that, for every f e Tp(Q,), 

f{y,Wn{y))dy ^ {vy, f{y,-))dy + {Vy , f°° {y,-))\ 
in the sense of measures, where {vy, f{y,-)) = f{y,z)dvy{z) and {v'^ , f°° {y,-)) = 

Moreover, we then have that ^^i{i^y,\- \^)dy < oo. 

In the situation of the theorem, we say that the subsequence (wn) generates 
the Yoimg measure (t^, A,i^°°) in LP{il), and write 

Y 

^ (i^, A,J/°°). (2) 

With the notation 

(( z.. A, z.°° ;/)):= f {vj)dy+ fjiy^ , f^dX, 
Jn Jn 
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we can write this as 

[ f{y,wr.{v))dy^iv,\v'--f)) forall/e^p(r!). 
Jn 

In the same manner we define convergence of generahsed Young measures: we 
say that {v'' ,\'' ,v°°''') ^ (i',A,i/°°) if 

((i/^A^z.'»■^/))^^,A,^.°°;/)) forall/€^p(l]). (3) 

Indeed, ([U is a special case of ([3]), since the function Wn can be identified with 
the classical Young measure S.^i^ . 

The following proposition collects some well-known properties of generalised 
Young measures. The proofs for the case p = \ can be found for instance in |17j . 
but can easily be modified for general p e [1, oo). 

Proposition 5. a) There exists a countable set of functions fk = (j)k ® hk, 
fc 6 N, with (pk £ Cc{^), hk e J^p such that 

{{v,\v°°-Jk}i = {{i),X,h'°°;fk)) Vfc =^ (zy,A,zy°°) = (z>, A,i>°°). 

Yp Yp 

b) If Wn — >• (i^, Aji^™), Wn — >• (i', A,;?"") and Wn-Wn locally in measure, 
then V = v . 

Yp Yp 

c) If Wn — >• (i^, A,i^°°) and Wn - Wn m L^^^, then Wn — *■ (i^, A,z^°°). 

Yp 

d) Wn w strongly in L^^^ if and only if Wn — >■ Sm. 

Yp Yp 

e) Supposewn — > {i>, X,i>°°) and let w e LP{fl) . Thenwn+w — > (Tiji^, A, 1^°°), 
where TwV is the oscillation measure defined by 

{{MyJ)--= f f{z + w{y))dvy{z) forfeCo{R'),a.e.yen 

In general the Young measure records the defect from strong convergence, 
this is signified by d). In our case the defect can come from oscillation, recorded 
by the oscillation measure v or from concentration, recorded by the concentra- 
tion measure A and the concentration- angle measure v°° . 

In e) the Young measure (T^i^, A, 1^°°) is said to be the shift of the Young 
measure {v, A, v°°). This operation is useful in separating the microscopic oscil- 
latory or concentration behaviour from the macroscopic coarse-grained state. 

Part a) of the proposition implies that it suffices to test the convergence 
with functions / e Tp, i.e. those which are independent of y e D,. A further 
consequence of part a) is that the convergence notion in is metrizable on 
bounded sets. This immediately leads to the following diagonal-sequence ex- 
traction principle, which we prefer to state explicitly as a proposition: 
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Proposition 6. Suppose that for each k e N, 

/ k.n \k.n <x>,k,n\ p / k \k <x>.k\ 



ana moreover 

k \ /c , ,00. /c ^ 



as n ^ 00 



00. 



{i^\X\v°°^'')^{v,\,v°°) ask 
Then there exists a sequence n(k) oo with k ^ oo such that 

2.3 Measure- Valued Solutions of the Euler Equations 

A measure-valued solution to the Eulcr equations is a generalised Young measure 
on M with parameters in M'^ X [0,T] which satisfies the Euler equations in an 
average sense. This means that 

[ dt(l)-{v,S,) + V(j).{v,£,®i)dxdt+ [ V(j)-{v°°,e®e)d\ = Q (4) 

for all 4) e (R*^ x (0, T); M'') with div </) = 0, and 

Vi^-(iyx.t,Odx = (5) 



for all ip £ C^(]R'^) and for almost every t. Here, the quantity 

v{x,t):={i^.,^t,0 (6) 

is called the barycentre of v^^t and signifies the coarse-grained, or macroscopic, 
flow. As usual, we have written (i^, C ® = / C ® ^i^id^) etc. 

In light of the energy bound for weak solutions of the Navier-Stokes equa- 
tions, it is natural to restrict attention to measure- valued solutions to the Euler 
equations which inherit this bound. 

Proposition 7 ( [B]). Let {vn{x,t)) be a sequence of functions R'^ x [0,r] 
K' which is bounded in ([0, T]; (R'')) and generates a Young measure 
(i/,A,i/°°) in L^{R'^ x[O^T]). Then 

esssupj/ {iyx.t,\-\'^)dx] < oo, (7) 

and the concentration measure A admits a disintegration of the form 

dX{x,t) = Xt{dx) ®dt, (8) 

where t i-^ Xt is a hounded (w.r.t. the total variation norm) measurable map 
from [0,r] into (M''). 
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In particular, in this case Jensen's inequality implies that v{x,t) e L'^L'^. A 
well-known consequence of (|4]) is then that v can be re-defined on a set of times 
of measure zero so that it belongs to the space CL^ (see Appendix A of [3]), and 
therefore, the initial average v{-, 0) is a well-defined function that is assumed 
in the sense that v{-^t) '^'(•,0) weakly in as i -> 0. Thus, we may write 
equation ^ as 

T 



JR^ 
= - / <l){x^Q)v{x^Q)dx 

for all (j) € (M^ x [0,T);M'') with div(/) = 0. 

Finally, the energy of the measure- valued solution can be defined for almost 
every time t as 

m--=l f {>^.,u\-?)dx + lMR''). (10) 

Definition 8. (Measure- Valued Solutions.) 

a) A Young measure (i^,A,i^°°) on M"* with parameters in R'' x [0, T] is called 
a measure-valued solution of the Euler equations with barycentre v := {v, ^) 
if it satisfies (jH)-®. 

b) A Young measure {i^, A, ) on Mf^ with parameters in R'^ x [0, T] is called 
an admissible measure-valued solution of the Eulcr equations with initial 
data vo e L'^{W^) if it satisfies (HI)-®, the equations ^ and ^ hold, and 
moreover 



E{t) <- \vo{x)fdx for a.e. t > 0. 

2 jRd 



Proposition 9. Let {i',X,iy°°) be an admissible measure-valued solution of the 
Euler equations and v its barycentre as in Then 

v{;t) w(-,0) = Vo 

strongly in L'^{R'^) as t ^ 0. 

Proof. We have already seen that v e CL'^, and therefore 



On the other hand. 



liminf \\m\\L^>\\m\\L- 



\v{t)\"dx= I Ki^^^uOfdx 



(u^^t,\^f)dx + Xt{m.'') 
2E{t) < J \v{0)fdx, 
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where we used the weak energy inequahty in Definition [5] Combining both 
inequahties yields ||?^(t)||i2 ^ 11^(0) II as t ^ 0, and since weak convergence 
together with convergence of the norms implies strong convergence, we are done. 

□ 

2.4 Subsolutions 

We recall from |8j that the Euler equations can be written in a way that separates 
them into a linear differential constraint and a nonlinear constitutive relation. 

Lemma 10. Lei w e ([0, T]; L^„^(M^; R'^)), m € i~ ([0, T]; L;i„^(R'^; 5^)) and 
q be a distribution such that 

dfV + divu + Vq = 

(11) 

divu = 0. ^ ^ 

// it also holds that 

u = vOv (12) 

for almost every {x,t) 6M''x [0,T], then V and p ■= q- are a weak solution 
to the Euler equations. Conversely, if {v,p) is a weak solution of Euler, then 
{v, u, q) with u:= V O V and q := p + solve and Sl^) . 

A pair {v{x,t),u{x,t)) for which there exists a pressure g(x, <) such that (jlip 
is satisfied is called a subsolution for the Euler equations. Thus, a subsolution 
is a solution precisely if a certain pointwise nonlinear equation, namely p2[). 
holds. 

2.4.1 Measure- Valued Subsolutions 

The concept of subsolution easily leads to the corresponding measure-valued 
notion. For the concentration-angle measure we define the set 




where |u|oo denotes the operator norm of the matrix u. Notice that (w, v O v) € 
S'^^^ whenever v e S"^^^. Motivated by Lemma [TUl consider a sequence 

Wn = {Vn,Un) : [0,T] X M"* ^ R'^ X 

bounded in {[0,T]; L'^{m.'^) x L^W^)). Analogously to SectionOwc define 
the space of test-functions 

^2,1 := {/ 6 C{R^ X S^) : f°°{v,u) := lim /(^^''^^'"') g C(§''-l) exists}, 
and similarly also the (a:, i) -dependent version 

T2s{^'^ X [0,r]). We have the 
obvious analogue of the Fundamental Theorem for Young measures: 
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Theorem 11. Suppose Wn = {vn,Un) is a sequence bounded in L°°{[0,T];L^ x 
L^(K.'^)), and f € J^2,i{^'^ ^ [O?^])- Then there exists a subsequence (not rela- 
beled) and a Young measure (z^,A,!^°°), with v e L^{R'^ x [0, T]; TW^M'' x 5^)), 
Ae7W+(K'^x [0,T]), e L~ (M'^ x [0,r], A;Xi(§^-i)), such that 

f{x,t;wn{x,t))dxdt ^ {i^,r^t, f{x,t;-))dxdt + {i^^t,f°°{x,t;-))X 

in the sense of measures for all f e J^2,i{^'^ ^ [Oi^])- 
In this case we write 

Wn * {V,\,V ). 

Proof. Consider the homeomorphisni iSq Sq, u i-^ |M|ooit, with inverse il i-^ 
. Given f e T2 i define 

g{v, u) ■■= f ^Vdv, |u|oou) • 

It is easy to sec that g e T^- Indeed, let such that \vf + = 1. Then 

(ydv>|oou) eS''"^ and 

,. a{sv',sv!) f{\fdsv' ,s^u'\v!\^) n , , . 

hm = lim = / (vrfu,tiUoo)- 

(i,',u')^C",u) cii',u')^(i..u) 

Applying Theorem |4] to ( ^ , , ) in yields a generalised Young measure 
{v, A, v°°) such that 

f{vn,Un)dxdt =ff j dxdt 

-^{i>, g)dxdt + (i>°°,g°°)A 
=(,y,f)dxdt+(,y'-,f'-)X, 

where A = A and 

/ fi^,OdH^,0= [ f{^acu)dHi,0, 
f r(?,C)d^'"(e,C)= / .f^(^^ACU)d^'-{cx)- 

□ 

Let {i', A, ) be a Young measure on R"* x 5q with parameters in R'^ x [0, T] . 
Its barycentre w = {v,u) is defined by 

V{x,t) ■■= (Va:,t,'^l) (13) 
U{x,t) ■■= {Vx,t,'K2)dxdt + {v'^f,TT2)X (14) 

for a.e. x, t, where tti and 7r2 are the canonical projections from x Sq onto 
R.'' and iSqj respectively. Note that u{x,t) is only a measure. Such a Young 
measure is called a measure-valued subsolution if (w,u) is a subsolution in the 
sense of distributions, i.e. if it satisfies (fTT|) for some distribution q. 
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2.4.2 Energy and Admissibility 

Definition 12. For {v,u) e R** x 5q we define the generalised energy by 

e{v,u) := ^XmaxivSiv-u), 
where Xmax denotes the largest eigenvalue. 

Lemma 13 (Lemma 3.2 in [S]). a) e : M.'^ x ^ M. IS convex. 

h) For every (w,u) € K'' x Sq, \\v\^ < e{v,u), with equality if and only if 
u = vO V. 

c) For every {v,u) eW^ xSq , \u\oo < 2^^e{v,u) , \u\oo being the operator norm 
of the matrix u. 

In particular e{v,u) > 0. Observe moreover that e e J^2,i with e°° = e. Then 
the energy of a Young measure on M'* x Sq is defined by 

E{t)= f {iy,,ue}dx+ f {iy^t,e)Xt{dx). (15) 

If for a measure- valued subsolution E{t) < | / \v{x,0)\^dx for a.c. t > 0, we call 
it an admissible measure-valued subsolution. 

2.4.3 Lifting 

Finally, we "lift" measure-valued solutions to the space of measure-valued sub- 
solutions, i.e. Young measures from to M'' x S^. Let Q •■ ^ M."^ x Sq he 
defined by 

g(0 = (5,eoe)- 

It is easy to see that 

/e^2,i ^ /oQe with (/oQ)- = /-oQ. 

Given now a Young measure {i',X,i'°°) on R'', we define a Young measure 
(i>,A,i>°°) on R'^ x5^ by 

{i>cc,tJ} = {iy.^tJoQ) ioT f e Co(R'' X S^) for a.e. {x,t), 
= Ku9° Q) for g € C(§'^-i) for A-a.e. {x,t). 

Then we have 

Proposition 14. Let {v^X,v°°) be a measure-valued solution with bounded 
energy and {u^X,v°°) be defined as above. Suppose {vn,Un) is bounded in 

L'^{LlxLl) and {vn,Un)^^ {v,X,D°°). Then 

a) the barycentre {v,u) of {i>, X,i>°°) forms an Euler subsolution, i.e. satisfies 
ill]) for some distribution q; 
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b) if E{t) denotes the energy of the Young measure {i>,X,i)°°) in the sense of 
\15\} and E{t) the energy of (v, A, v) in the sense of I110\} . then E{t) = E(t) 
for a.e. t; 

c) Vn {i',X,v°°); 

d) |m„ -VnO vn\ - in Ll^iW" x [0,r]). 

Proof, a) follows straightforwardly by the definition of {v,\^v°°) and the fact 
that {v,X,v°°) is a solution to dH)-®. 

b) By definition of {v,X,i'°°), and applying Lemma [T51 

E{t) = j {i'x^t,e)dx + J {i'^t,e)Xt{dx) 

= ^l{,.,\^\')dx+y{,.'-,\e)^tidx) 
= \j{uM\^)dx+]^Xt{^')=E{t), 

where we used that u'^ is supported on S"^"^. 

c) Let / € T2 and define g := f o tti. Then g e ^2,1 with 5°°(^,C) = /°° (0- 
Therefore 

f{vn)dxdt =g{vn,Un)dxdt 

-^{C',g)dxdt + {D°° ,g°°)X 
={u,f)dxdt + {y^,f^)X 

by definition of {v, A, v°°) and since g oQ = f ■ 

d) Note that the function /(^,C) = |C-^OCl belongs to ^2^1 with /°° = /. 
We can thus apply Theorem [TTI with / to obtain 

\un ~ VnO Vn\dxdt {i>, f)dxdt + {v°° , f°°)Xtdt = 

because the set {(^,^ O ■ ^ ^ ^''l contains the supports of v and respec- 
tively, and on this set, / and /°° vanish. □ 

3 Proof of Theorems [1] and [2] 

First of all observe that whenever a sequence of weak Euler solutions bounded in 
L'^L^ generates a generalised Young measure, then this will be a measure- valued 
solution with bounded energy in the sense of Definition [S] a). If the generating 
sequence consists of admissible weak solutions with initial data vq, then the 
measure- valued solution will be admissible as in Definition [8] b). This follows 
directly from the Fundamental Theorem of Young measures (sec also [11], [6]) 
as well as the discussion in Section [231 



13 



Before we begin to prove the converse, we state a weaker version of Theorem 
[2] that we can prove along with Theorem [1] In Section 13.41 we then conclude 
from this weaker statement the full assertion of Theorem [51 

Proposition 15. Let (t^, A,i^°°) be an admissible measure-valued solution with 
initial data Vq e L^(IR^). Then the generating sequence (v„) as in Theorem[J\ 
may be chosen such that in addition 



We prove this Proposition in three steps: In Section [Ql we use a result of [9] 
to show that it suffices to generate measure- valued subsolutions by sequences of 
subsolutions. Section [3.21 adapts various well-known Young measure techniques 
to our framework to show that it suffices to construct generating sequences for 
discrete homogeneous oscillation measures. This is rather general and does not 
use any specific properties of the Euler equations. Finally, in Section 13.31 we 
show how to generate discrete homogeneous Young measures from subsolutions, 
where the plane wave analysis of the system ()11[) is exploited to give an explicit 
construction of the generating sequence. 

3.1 Prom Subsolutions to Exact Solutions 

The goal of this section is to prove 

Proposition 16. a) We can generate {h',X,v°°) as required in Theorem\^ 
provided we can generate the lifted Young measure (see Subsection \2.Ji\j 
{i>,X,h'°°) in the sense of Theorem \ll\ by a sequence bounded in 

L'^{L^ X L].) with the properties 

• {vn,Un) are smooth in x [0,T]; 

• {vmUn) is a subsolution. 

b) // (i^, A, is admissible with initial data vq and energy E, then we can 
generate it as required in Provosition \15\ if the sequence (w„,u„) addition- 
ally satisfies 

• lim sup„ supj / e{vmUn)dx <es.ss.\vp^E{t); 

• ?;„(•, 0) Vq strongly in . 

Proof. Suppose now generates the Young measure {v, A, v°°) as in part 

a) of the proposition. Wc choose for each n a function e„ e C (W'' x (0,T);R) n 



||Wn(i = 0)-Vo|lL2(B<i) 



1 



< — 

n 



and 





(16) 
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For fixed n, let Qn be a pressure field such that (wn,u„,(jf„) satisfies JTT]). 
Consider now vectorfields v € C ([0, T];Ll) that are smooth on K'' x (0, T) and 
for which there exists a smooth matrix field u e C°° (W^ x (0, T)) ; .Sg ) such that 



dtv + div u + Vg„ = 
div u = 0, 

«(-,0) =z;„(-,0), 

v{-,T) = Vn{-,T), 



(17) 

(18) 
(19) 



and 



e{v{x,t),u{x,t)) < en{x,t) (20) 
for a.e. x £ R'' and all t e (0,T). Wc then define the function space Xq by 

={^; e (iR'' x (0, T)) n C ([0, T]; i^) : 
V satisfies (F^ , ^Ml M , ^MW} 

and we denote the closure of Xq under the C ([0, T]; L,^) -topology by X". Note 
that Xq is non-empty, since {vn,Un) e Xq. The following result is Proposition 
3.3. in inj (the density of the set of solutions in X" is not explicitly stated in 
the Proposition, but is an immediate consequence of its proof): 

Theorem 17. The set of solutions v e X" to the Euler equations with energy 
density 

-\v{x,t)\^ = en{x,t) 
for every t e (0,T) and a.e. x and pressure 

a 

is dense in X" (w.r.t. the C (^[0,T]; -topology). In particular, there are 
infinitely many such solutions. 

Therefore, for n e N, we can find a sequence {v^JkeN c CLf^ of weak solutions 



with 



Vn as fc ^ oo in the CL^-topology, i.e. 



sup 

te[0,T] 



{v'^-Vn)-(j)dx ^0 V<^£L2(K'i^ 



Since w„ £ C°°(M'' x [0,T]), we can then choose k = k{n) so large that 

1 



sup 

te[Q,T] 



V„ ■ (w„ -Vn)da 



Next, since = Cn for a.e. {x,t) by Theorem [ITl we have 



Vnf - \Vn\^dxdt 



<2 



(e„ - e„)dxdt 



+ 2 



(e™ - -\vl\)dxdt 



15 



where, by choice of e„, the first expression is less than ^. Concerning the last 
term we have 



dxdt 



->^max{Vn O " Un)dxdt 



as n oo, by Proposition [Til Wc also used in this calculation that for a matrix 

A, XmaxiA+ aid) = A 

max 

(A) + a. 

Since 



\v';^-Vnrdxdt= / / \v„\-\vn\^dxdt-2 / / u„-«-w„)dxd<, 



we deduce that there exists a subsequence of Euler solutions such that 

Vn - Wn*"-' ^ in [O,?"])- Hence by Propositions [Ht) andEt), this 

yields that the sequence (i;^*'"^) generates the Young measure {i^,X,iy°°) in L^. 
This proves part a) of Proposition [121 

For part b), recall that in fact ||wn^"^P = e„ for a.e. x e R'' for aU t e (0,T). 
Therefore by (|16p and the assumption about the energy in part b) of Proposition 
[l6lwe have 

limsupsupi / pdx < csssupj £'(t) < - / \vofdx. (21) 
n t 2 J 2 J 

Since i;^J^"^(-,0) = w„(-,0), we also get 

|kn^"'(-,0)-«o|L. =|kn(-,0)-«olL. -0 



as n -> oo, which, together with (|2ip . completes the proof of the proposition. □ 



3.2 Approximation of Generalised Young Measures 

In this section we reduce the problem of generating an arbitrary measure- valued 
solution {i',X,i'°°) to generating discrete homogeneous (i.e. independent of x 
and t) oscillation measures, i.e. where A = and 

N 

vx,t = Y,^^^^{vi,u,) (22) 

i=l 

for all x,t, with /^^ > 0, 'EiLi l^i = li and {vi,Ui) e R'' x Sq. This reduction is 
achieved by approximating measure-valued solutions by a coupling of discrete 
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oscillation measures and smooth subsolutions. The latter represents the macro- 
scopic flow whereas the former amounts to the microscopic oscillations encoded 
by the Young measure. The general techniques for such an approximation are 
well known, see for instance [17j . 

Given fc e N let Q!" be the collection of open cubes Q'l c x (0, T) of 
sidelength i, whose vertices are neighbouring points on the lattice ^IJ^*^. Our 
precise statement is the following: 

Theorem 18. Let {i>,X,i>°°) be a measure-valued subsolution with bounded en- 
ergy E{t) . Then there exists a sequence of 

• discrete oscillation measures ^ on x Sq with zero barycentres which 
are piecewise constant with respect to Q'' , 

• smooth subsolutions {v^^u^) bounded in L'^{L^ x L].) , 
such that 

T{v'',u>')V^ {v,\,v°°) (23) 

and 

/ (7^Bfc,afc)i''',e)dx <csssup4£'(t) + i Vt€[0,T]. (24) 

Furthermore, i/ (j/, A, ;/°°) is an admissible measure valued subsolution with ini- 
tial data Vq, then in addition 

ll^'(^ = 0)-«o|L.(K.)<^- (25) 

Proof. Using Proposition |6] we can reduce the proof of the theorem to a series 
of approximation steps. 

First of all we show that a homogeneous Young measure can be approximated 
by discrete oscillation measures. More precisely, let (^, A,i'°°) be homogeneous 
in the sense that v and 1^°° are independent of x, t and A is a constant multiple of 
Lcbesgue measure C^^^ . The approximability is then equivalent to the following 

Claim 1. Let 

such that (i^, e) < oo, where e is the generalised energy from Definition 1121 and 
assume that 

(i/,7ri)=0, {iy,7r2)+a{iy°°,TT2)=0. (26) 

We claim that there exists a sequence v'^ € A4^{W^' x Sq) of discrete probability 
measures of the form with zero barycentre, such that 

(J^'',f)^(iy,f)+a(iy'-,f'-) for all/ €^2,1. (27) 

Step 1. Prom classical to generalised measures. 
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Let us assume that i^, 1^°° are discrete probability measures, i.e. 

N M 

2 = 1 4=1 

with {v^,u^) e R'^ X Sg, {v°°,u°°) € such tliat 

N N M 

^ ^i^Vi =0, ^ ^iUj + a ^ TjU°° = 0. 
1=1 1=1 j=i 

Define a sequence (i^™) of probability measures by 
1 \ ^ 1 

Til / m \^ ] ' ] I 

A direct calculation shows that the barycentre (u™, m™) of v"^ satisfies (u™, ■S'") - 
as m -s- oo. Moreover, for any / e T2.1 

/ l\N I M 

\ ml ~[ m jZ{ 

_^ N M 

i=i j=i 

Therefore also the shifted measure 71(^;m_gm)Z/™ satisfies 

{r-^,r„^ur.)iy"'J)^(iy,f)+a(,y-',r) for all / e .^2,1 . (28) 

Step 2. From discrete to general measures with compact support 

More generally, assume that v, v°° are probability measures with compact 
support. By standard measure theory (see e.g. [3], §30), we find sequences of 
discrete measures with uniformly compact support and v^''" such that 

^vmM{M.'^>^S^), u^''^ ^u'^ inM{S). 
It follows easily that 

{u\f)+a{u''^^,r)^{vj)+a{v^,r) for aU / e ^2,1 ■ (29) 

Step 3. From compact support to finite energy 

First of all note that the assumption {v,e) < 00 implies {i', f) < 00 for any 
/ € ^2,1- Indeed, any / e satisfies a bound of the form |/(^, Q\ < C(|^p + |C|), 
therefore by Lemma [T3l we have |/| < C'e. Using an idea from [T^, we may then 
approximate v by compactly supported measures in the following way: 
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For p e N, let r'' : M x <Sg -> K be a smooth function which is 1 on Bp, zero 
on {W^ X iSq ) \Bp+i and < r < 1 everywhere. Define also a number s'' by 

which measures how much mass v carries outside of Bp(0). We then define 

which is a probability measure with support in Bp+i. Heuristically, we obtain 
by cutting off v outside of i?p+i and concentrating the remaining mass at 
zero. Since r'' ->• 1 pointwise as p ^ oo, by dominated convergence we have 

{v,{l-rP)f)^Q for all/ 6.^2,1, (30) 

in particular s'' and hence also 

{u - vP, f) = {v, (1 - r")/) - sPf{Q) ^0 as p ^ oo. 

In order to keep the condition ([26]) . let C = {vP.ni) and = {v^ ,112) + 
a(j/°°,7r2) and consider the shifted measure T-(vp,up)'^''- Using ([30|) we see that 
(yPjuP) ^ as p ^- 00, hence 

(r_(s^nP)^^^/)-(^^,./) for all/ 6^-2,1. (31) 

Claim 1 then follows by choosing a diagonal sequence in the three approxi- 
mations (|28 l) .([29 |) . (|3T|) . 

Next, we show how to discretize a measure- valued subsolution so that Claim 
1 can be applied to each homogeneous part separately. 

Claim 2. Let (;/, A,i/°°) be a measure- valued subsolution with bounded energy 
and barycentre {v,u). Then there exists a sequence of smooth subsolutions 
{v^, u^) and a sequence of generalised Young measures (i''^, A'^, with zero 

barycentre which are piecewise constant with respect to Q'^, such that 

(V,^.)^.^A^i^^^~) ^ {i^A^'^n m 

and, if Ek{t) denotes the generalised energy of {T(^jjk ^^k^v^ then 

esssupi£'fc(t) < esssupj£'(t) + ^ . (33) 

Moreover, if (:/, A,:/°°) is an admissible measure-valued subsolution with initial 
data vq, then in addition 

\\v\t = Q)-v,\\^,^^^^<\. (34) 

Step 4. Regularizing. 
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Let : M"^ ^ K be a standard mollification kernel, that is, smooth and non- 
negative, supported on i?i(0), and / ijjdx = 1. Let furthermore x : M ^ M be 
another mollification kernel with the same properties as ip, but whose support 
is required to be contained in (-1,0). Define now i^eix) = ^V'(f ) and Xtit) = 
so that the mass is still 1 and the supports arc in 3^(0) and (-e,0) 
respectively. Set (f)^{x^t) = ipg{x)xe{t)- We can now define for every t e [0,r-e] 
and X eM."^ another Young measure (i''^, A^, z^^'°°) by 

(^%/) = ('^, f) * 4>e for all / e CoiR"" x S^), 

(v ' ,g) = — for ah 5 £ CCS*). 

Observe that |(z^°°,g)| < supj^j, so that with the above definition e 
L°°(M'^x(0,r-e)), whereas {v^J}, A^ e C°°(R'' x [0,r-e]). Also, the mollified 
Young measure is only defined for t e [0,r - e]. However, a simple rescaling of 
time 1 1-^ can then restore the original domain t e [0, T]. Therefore, we may 
as well assume that (^^^A^I/''°°) is defined for {x,t) e M'^ x [0,T]. Moreover, 
we have 

(l/^A^^y°°'^) (zy,A,zy~) ase^O, (35) 
since fi * (j)^ ^ fi in A4 as e ^ for any fi. Moreover, letting 

Ee{t)= [ {v\e)dx+ [ {v'^^\e)\l{dx) forte[0,T], 

we easily see that 

E^{t) =E* Xe{t) for all t e [0,T]. 
In particular for every t e [0,r] we have 

E,{t)= J E{t- s)xe{s)ds <csasnptE{t) J x = esssuptE{t). (36) 

For the barycentre {v^,Ue) of this measure we have 

Ve=V*(l)e, Ue=U*(l)e, (37) 

SO the barycentre is smooth and, by linearity, is a subsolution. 

Finally, assume that (z/, A,!/"") is an admissible measure- valued subsolution 
with initial data ■^o. We claim that in this case 

Ve{0)^v{0) inL^iW'), (38) 

where we write v{t) •■= x i-^ v{x,t). Indeed, we have 

Ve{x,0) = / v{x-y,s)'ipe{y)dyxe{-s)ds 

= / [v{s) * Ve]Xe(-s)ds, 
^0 
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and moreover 

\\v{s) * l/'e - w(0)||l2 < \\v{s) * - v(0) * i'eh^ + \\v{0) * --D(0)||i,2 

< \\v{s) - v{0) \\l2 + \\v{0) * - w(0)||l2. 

Therefore 

\\v,{0) - v{0) < sup \\v{s) - 5(0) \\l2 + \\v{0) * A - v{0) 

0<s<e 

The right hand side converges to zero as e ^ by Proposition [S) This proves 
our claim (pS)) . 

Step 5. Averaging. 

Next, fix e > and consider the shifted regular Young measure 

(i>,A,z>°°) := (71(.B,,a,)!^',A',z^''°°) 
with bary centre zero, together with the "macroscopic" state 

(v,u) ■■= {Ve,U^)- 

We use the well-known technique of averaging, see also Lemma 4.22 in [2^ and 
Proposition 7 in [T7]. For / e N let Q' = be the collection of open cubes 

in X (0,r) of sidclcngth j with vertices on the lattice jZ"*^^. We define 
{iy\X\iy^'°°) by 

(!>',/) = / {u^.uDdxdt foran/6Co(M''x5o'), 

(^■"■,5) = / {i>Z,9)dMx,t) foraU5eC(S'^-i) 

for all {x,t) £ Q\ for every i, where /gi gdji := ^j^^ry /g! Sc'm for nieasure fj, 

and any g e L^{Q\;fi). 

Then A', z>°°'') is homo geneous on each Q\, and also has zero barycentre 
for a.e. {x,t). Moreover, it follows from Proposition 8 in [T^ that 

(£;',A',£;~'') (i>,A,z>~) asZ^oo. (39) 
Concerning the energy, we claim that 

sup / (7({j .ii)!^', e) < sup / {T(^fj ^^i',e)dx + o{l) as / -> oo. (40) 

To this end define 

{v\u'){x,t) := / {v,u) for (a:,t) eQ^ 
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and for a.e. t e (0,T): 

Fo{t) = {T(^.ijfi)i>,e)dx, Fi{t) = {T(^,if^i)i),e)dx, 
F2{t) = {T(^^i^^i)v\e)dx, F'i{t)= I {T(y.u)i^\e)dx. 

By the definition of and since (w', w') is constant on Q\, wc have {T(^v'- ,u'-)^\ f) = 
jQ{'T'{vi^ui)i'x,tJ)dxdt. Hence 

supF2(i) < supFi(f). 
t t 

On the other hand e satisfies the pointwisc estimate 

ie(a,Ci)-e(6,C2)i<c(iaiia-6i + ia-6P + iCi-C2i), (41) 

from which we obtain for a.e. t 

\Fo{t)-F,{t)\<c( [ {9,\^\') + \ifdx]"' ( f \d'-dfdx]"\f \v'-if+\u'-u\dx. 

Since (w,u) e =< -^i) " C~(R'' x (0,T)), the right hand side converges 

to zero as Z ^ 00, uniformly in t. Similarly swp^\F2{t) - -^3(^)1 can be made 
arbitrarily small. Combining these estimates yields 

supF3(t) < supFo(t) + 0(1) as Z ^ 00 
t t 

as claimed in (l40l) . 

Combining the approximations ([35 |) -([37 | and (p9| leads to the approximation 
as claimed in ([32]). The bound on the energy (|33| follows from ()36p and (|40|) . 
and (p4| follows from (|38|) . This proves Claim 2. 

Step 6. Conclusion of the argument. 

Given a measure- valued subsolution (v, X,iy°°), by Claim 2 there exists a 
sequence of generalised Young measures {v'' , X'' ,1'''''^) which are piecewise con- 
stant with respect to Q*^, and there exist smooth subsolutions {v'',u'') such 
that 

and psp holds. Then, using Claim 1 we can approximate the homogeneous 
Young measure on each cube £ Q'' separately by a discrete oscillation mea- 
sure as in p7p . In this way we obtain a sequence of piecewise constant discrete 
oscillation measures ly^'^ such that 

V ' — > [ly ,X ,1^ ' ) as / ^- 00. 
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In particular we have for any fixed k eN and j = 0,1, . 
(j+i) 



{T(v^',u^')V ' 7 e)dxdt 

{T(jjh y^k^v^ ,e)dxdt + i I {v'^''^ ,e)Xt{dx)dt 



asl ^ oo, and since v'^''' and (z/*^, A'', are t-independent in the time interval 

i^,^) and {v'',u'') is smooth, we conclude (analogously to pO|) and after 
passing to a subsequence) that for a.e. t e (0, T) 

(T(yk y^k-fiy'^''' ,e)dx < csssivpf. / {T^^k ,^k-^v^ ,e)dx + / e)Aj^((ix) + — 

for all fc and / = l{k) large enough. Together with ([55)1 this implies (HH). If the 
measure- valued solution is admissible, we have (p4l) . from which (|25p follows. 
This concludes the proof. 

□ 

3.3 Discrete Homogeneous Young Measures 

Let (3 = (0,1)^^^. In light of Theorem [T51 it remains to show the following: 
Proposition 19. Let 

N 

= E (42) 

be a probability measure on M.'^ x Sq with zero barycentre. Then there exists a 
sequence = {v^ ,u^) e C^{Q;M.'^ x Sq) of smooth subsolutions such that 

|k'=|U~(Q)<C(z.,e) (43) 

for some fixed constant C , for any f e C(R'' x Sq) 

f{w^)^{v,f) tnL-{R^x{0,T)) (44) 

and moreover if f is convex, then 

limsup sup / f{w^{x,t))dx <{v,f). (45) 

fc^oo t6[0,l] -'[0,1]'' 

Concerning the above proposition we remark that is the classical Young 
measure convergence for bounded sequences. In particular it follows that 



\\ f{w\x,t))dxdt^{u,f). 



The crucial point about estimate (|45p is that it is uniform in t. 

In order to construct generating sequences consisting of subsolutions, we use 
the localized plane- wave construction developed in |8]. 
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Proposition 20. Let w = {v,u) eM."^ x Sq with v + 0. 

1. There exists ?] e S"^ \ {p-d+i} such that 

t) •■= w h{{x,t) ■ rf) 
is a suhsolution for any profile h € C°°(M). 

2. There exists a second order homogeneous linear operator Cw such that 

w ■■= Cu,[^] 

is a solution of (HID for any (f e C°°(E'^ x M). 

3. Moreover, if f{x,t) = H{{x,t) ■ rj) for H £ C°°(R), then 

CM{x,t)=wH"{{x,t)-rj) 

Proof. Recall that we defined subsolutions as pairs {v,u) such that there exists 
a distribution q so that ([TT]) holds. 

Therefore statement 1. of the proposition follows immediately from the 
plane-wave analysis of the Euler equations performed in Section 2 of [5] and 
Remark 1 therein. Statements 2. and 3. follow directly from Lemma 3.2 and 
Lemma 3.3 in [8| using the identification 

□ 

For the proof of Proposition[19]we start with the following sharpened variant 
of Proposition 2.2 from [S]: 

Proposition 21. Let pLi > andwi = {vi,Ui) e R'^x^q fori = 1,2 with /ii+/i2 = 1 
and pLiWi + fJ.2'W2 = 0. Assume also that vi + V2- Moreover, let f € C(R'^ x 5q) 
he convex. For any e > there exists 

u;eC,°°(Q;R^x5o^) 

such that 

(i) w = {v,u) is a suhsolution; 
(a) ||w||l~(q) < maxi \wi\ + e; 

(Hi) There exist open suhsets Ai,A2 cQ such that for i = 1,2 

w{x,t) = Wi for (x^t) e Ai, and {C^^^ (Ai) - fii\ < e; 
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(iv) For the convex function f we have 

f{w{x,t))dx<fiif{wi)+^i2f{w2) + e for all t e [0,1]. 



'[0.1]'* 

Furthermore, concerning property (Hi) we even have for i = 1,2 

\C''{xe[0,lY: {x,t)eA,}-fi,\<e for all t e {e,l - e). (46) 
Proof. Fix 5 > small. Let /i : M ^- R be the 1-periodic extension of 



h{s) 



l^ti Use [0,^2), 

1-^2 if.S€[/^2,l) 



and let hg = h * (s, where ( e C^(-l, 1) is a standard mollifying kernel. Since 
hs is 1-periodic with mean zero, there exists Hs £ L°°(R) n C°°(K) such that 
H's' = hs. 

Let w = W2 - wi and consider the wave direction 77 e S"* \ {cd+i} as well as 
the operator Ciz, obtained from Proposition [201 For any fc e N set 

ip''{x,t) ■.= ^Hs{k{x,t)-r]). 

Next, let (f> € C^{Q) be a cutoff function, i.e. such that 

< < 1 in Q and </> = 1 in [5, 1 - Sf^'^, 
and set w'' := Cw[(l)ip'']. Then 

w'' € C^iQ;^^ X 5o) and {v'',u'') = w'' is a subsolution. 
Furthermore, let 

W''{x,t) ■.= wh{k{x,t)-r)) . 

Since Cw is a homogeneous second order differential operator, Cw [0(^'']-0>Ciu [(/j''] 
can be written as a sum of products of first order derivatives of (f) with first order 
derivatives of ip^ and of second derivatives of with Lp*' . Therefore 

||u;'=-0/:a[/]||i»=(Q) <^^. 

Also, by Proposition [50] we have Cw['-P^'\{x,t) = w hs{k{x,t) ■ rj), whence we 
conclude using the definition of h and the form of Cwif'^] that 

I|w''1Il"=(q) < max|w,| + (47) 
i k 

Moreover, since (j) = 1 on [6,1 - 6^^^, we actually have 

w''{x,t) =whs{k{x,t)-ri) in {6,l-5Y^^. 
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Since h = hs on {6, /i2 - S) as well as on {^2 + 5), it follows that w'^ = Wi on 
Af, defined by 

A\ = {(x, t) € ((5, 1 - 5Y^^ : k{x ■ 77) £ (5, ti2-5)+ Z} 
Al = {{x,t) € {6,1 -Sy^^ ■■ k{x-f]) £ (Ai2 + (5, 1 - ^) + Z} 

and furthermore 

|/:'*{.T £ [0, 1]'' : w''{x,t) =w,}-fi,\<Cd fori = 1,2 

for any t£((5, 1-5), where the constant is independent of t and d. 

Next, let us write ?y = (r/, 77^+1) for ry' £ R'* and observe that by Proposition 
Uniaiid the assumption vi + V2 we have rj' + 0. Fix t £ [0, 1] and let 

IVr 

so that (x, t) ■ 7] = x' ■ rj' . We can then write for any / £ C(R'^ ^ '^o ) 

/(0(a;,t)M^''(a;,i))da; = / /((/)(a;,i) M^''(a;,i)) da; 
[0,1]'' "'R'' 

/(w - at, t)h{kx' • r/')) dx' 

/(w (f>t{x')h(kx' ■ 77')) da;', 

where we have written (j)t{x') = (f>{x' - at,t). Now, standard Young measure 
theory implies that for any fixed t 

f[w(pt{x')h{kx ■i]))dx / [^Jiif{wi4)t{x')) + ii2f{w2 4't{x'))\dx' . 

Moreover, since the family {(f>t}u[o,i] is equicontinuous with ||0t - 1?!'*' ||l~(r<') ^ 
C|t-t'| for some fixed constant C, the convergence above in fact holds uniformly 
in t £ [0, 1]. Furthermore, if / is convex, then, since |(/)t(x')| < 1 for all x' , 



[tJ-lf{wi(l)tix')) + fJ.2f{w2(t)t{x'))]dx' < / <pt{x')[nif{wi)+fl2f{w2)]dx' 



(l){x,t)[nif{wi) + ^J.2f{w2)] dx 

'[OA]" 



Since any continuous convex function is locally Lipschitz, the L°° bound (|47p 
together with the uniform L°°-boundedncss of (pW'' and the fact that = (pW^ 
on A^ u A2 implies that, by choosing first 6 > sufficiently small and then k 
sufficiently large, we can ensure that 



/ J{w\x,t))dx- f{<P{x,t)W\x,t))dx 

'[0,1]'' "'[0,1]'' 



<e/2for alH£[0,l]. 
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Consequently, for k sufficiently large we obtain 



'[0,1] 

This concludes the proof. 

□ 

Proof of Proposition \19[ Let 

N 
i=l 

with Wi = {vi,Ui) € K.'' X 5g be a probability measure with barycentre zero, and 
such that 

span(wi, . . . ,V]\r) has maximal rank (48) 

subject to the constraint = 0, i.e. dimension= mhi{d,N - 1). 

We prove by induction on TV that for any e > and a given convex function 
/ € C{W^ X S^) there exists a smooth subsolution w = (u,it) € C~(g;R'' x S^) 
such that 

(i) w = {v,u) is a subsolution; 

(ii) ||u;||l~(q) < maxi \wi\+e] 

(iii) There exist open subsets c Q for i = 1, . . . , such that 



w 



{x,t) =Wi bi {x,t) e Ai, and {C^^ (Ai) - fii\ < e 



(iv) 

r N 

/ f{w{x,t))dx<Y,^^if{wi)+<^ for alH 6 [0,1]. 

^[0,1]'' i=l 

Proposition [19] then follows easily. Indeed, the non-degeneracy assumption (|48p 
can be achieved by perturbing Vi slightly, and then (ii),(iii),(iv) implies (|43| . (j44| 
and ()45p . respectively. Observe in particular that we can find a fixed sequence 
as required in PropositionfTOl so that (|45|) holds for all convex /; indeed, this 
can be obtained by a diagonal argument and the observation that it suffices to 
show (|45|) for a countable set of convex functions. 

The case A'^ = 1 is trivial, since then v = 5q and we can simply take it; e 0. 
The case iV = 2 is directly handled by Proposition [^H since the non-degeneracy 
condition (j48p implies vi + V2. 

Induction step. Let v = Eili^ IJ-iSwi for N >2. Using condition pS)) and by 
a reordering of the vectors vi . . .vn+i if necessary, we may assume without loss 
of generality that 

vn+1 + and (wi, . . . ,vm) satisfies (^5)). 
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Define the probability measures 

E H't r 

1=1 t - fJ-N+l 



where 



Observe that both i/i and 1/2 have zero barycentre. Moreover, by a direct cal- 
culation we check that vn+i + v. Therefore I'l satisfies the assumptions of 
Proposition [21] and 1^2 satisfies the induction hypothesis. Therefore, given e > 
we obtain two subsolutions 

Wi,W2eCr{Q;^''xS^) 

satisfying properties (i)-(iv) with respect to the measures 1^1,1^2, and moreover 
Wi satisfies the time-slice estimate (|46|) . 

Let A, B c Q he the open sets from property (iii) for Wi, with B correspond- 
ing to the value w, i.e. such that 

Wi{x,t) =w ioT {x,t) e B, and \C''''\B) - (1 - fiN+i)\ < (49) 

and let 

Be = {{x,t) eB ■ e<t<l-e}. 
Fix a finite family of disjoint cubes 

M 



such that 
and set 



BcB„ r^'{B,\B)<e, (50) 

M 

wix,t) =Wiix,t) + Y,W2{^/-^). 

We claim that w satisfies (i)-(iv) for the measure v. 

To start with, it is easy to see by linearity that w e C^{Q]W^ x ,Sg) and 
(i),(ii) hold. Concerning (iii), let Aj^+i = A and c Q for i = 1, . . . , iV be 
defined by 

J = l 

where Ai are the open sets from property (iii) for W2. Then 
'w{x, t) = Wi for {x,t) e Ai ioi i = 1, . . . , N + 1, 
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and moreover, for i = 1, . . . , N 

M 

i=i 

On the other hand oi'j^^ = C'^^^{B), hence from ((50l) and the definition of 
we deduce IC^^^iB) - T,j ^| < 5e. Combined with ^ this yields |l - fiN+i - 
Q^j^^l < 6e, therefore we obtain 

<Ce 

for some fixed constant C. Thus, by replacing e by e/C in the above we can 
ensure property (iii) for w. 

Next, recall the convex function / e C{M.'^^S^). Concerning property (iv) for 
w, assume first that t e [0, e] u [1 -e, 1]. Note that in this case w{x, t) = Wi{x, t) 
for all x, hence using property (iv) for Wi and the convexity of / we obtain 

f f{w{x,t))dx= [ f{Wi{x,t))dx 

< ^J■N+lf{wN+l) + (1 - ^J■N+l).f{w) + e 

N 

< ^J■N+lf{wN+l) + fJ-ifim) + e- 

1=1 

Next, let t e (e, 1 - e), and recall that by Proposition ([21]) the function Wi 
satisfies additionally the time-slice estimate (|46|) . Define the sets 

At = {x: {x,t)eA}, Bt = {x: {x,t)eB}, Bt = {x : {x,t) e B}. 

By estimate we have 

- Aijv+i| < e, l^iBt) - (1 - fiN+i)\ < e, 

hence £'^([0, 1]'' \ {At u Bt)) < 2e. We can therefore estimate 

/ f{w{x,t))dx 
JlosY 

< I f{w{x,t))dx+ I f{w{x,t))dx+ I f{w{x,t))dx + 0{e) 

JAt JBt\Bt JBt 

=C\At)f{wN+i)+C\Bt^Bt)f{w)+ f f{w{x,t))dx + 0{e). 

JBt 
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For the third integral we calculate 

= E'«'/ f(w^W,{x,'-^))dx 

7" ■'[0,11'' 



'[0, 

N 



where denotes summation over those j for which t etj + {Q,aj), and in the 
last inequality we have used property (iv) for W2- Furthermore, by convexity 
of / we also have f{w) < T,iLi i-^^ ^ fi^ij- It follows that 



N+l 



r iV + i 

/ f{w{x,t))dx < ^J'^fiw^) + 0(e), 

^[O,!]'^ i=l 

implying property (iv) for w as required. 

3.4 Proof of Proposition [15] and Theorem [2] 
3.4.1 Proof of Proposition! 



□ 



Let {i/,X,i''^) be an admissible measure- valued solution with initial data vq. 
By Proposition [12] it suffices to generate the lifted admissible measure- valued 
subsolution by a suitable sequence of subsolutions. By abuse of notation, let us 
still denote the lifted Young measure by {ly, A, 1^°°), and its energy by E{t). 

By Theorem [T8l wc obtain a sequence of smooth subsolutions w'' = {v^ ,u^) 
uniformly bounded in L'^{L^ ^ ^i) ^-J^id a sequence of discrete oscillation mea- 
sures i^'^ that are picccwise constant with respect to Qk, such that ([23]l . (|24p 
and (113 hold. 

Let us fix Q 6 Qk for the moment. By PropositionfTOl there exists a sequence 

r,k,n _ (~k,n ~k,n\ ^ r'°°(n-Wd 



W 



of subsolutions such that 

\\w^-^L^(Q)<{AQ.e) 

and generating v'^ on Q. Next, for I > 1, let w'^'' = (w*^'', w'''') be defined as the 
average of {v^ ,u^) over cubes of size 2"'^, i.e. 

{v''\u^'^){x,t) := / {v^,u^) for {x,t) e Q\ for aU Q\ e Q^i^. 

Since (^;^u'=) € L'^{Ll x L^) nC°°(R'^ x [0,r]), we have 

sup/ \v''''^ - v''f dx + sup \u''''' - u''\dx ^ as / ^ oo. 
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Consequently, from (PT|) we deduce 



sup 

t 



e{w''^\x,t)+w^^'\x,t))dx 



as Z ^ oo, where Qt = {x : {x,t) € Q}, and the convergence is uniform in k,n, 
owing to the L°° bound on w'^'" as well as the energy bound on v'^. On 
the other hand, since e € C(R'^ x Sq) is convex, from (|45|) we have 

limsupsup / e{w''''^ +w'''"-{x,t))dx < {Tci,k.iv''\Q,e) . 

n^oo t Jq^ 

Thus, given any S > we can first choose I and then n sufhciently large, so that 

sup / e{w'' + 'w'^'"{x,t)) dx < (Twkh'''\Q,e) + S . 
* jQt 

Summing over all cubes in Qk and taking a suitable diagonal subsequence, we 
obtain (w'^, u'^) such that (v'^ +v'^ ,u'' +u'') is uniformly bounded in L'^{Ll x L^) 
(this follows from and consists of subsolutions, and 



Furthermore, 



[v +v ,u +u ) — > (i^, A,z^ j. 



sup / e{v'' + + u^) dx < esssupji?(t) + - 



and, by 

\v''{x,0) + v''{x,0) - vo{x)\^ dx ■ 



\v''{x,0)-vo{x)fdx ^ 



as k ^ oo. Therefore the sequence {v'' + v'',u'' + v!') satisfies the conditions 
in Proposition ll6bV Proposition [T51 follows, since {v,\^v°°) is admissible and 
therefore esssup(i?(t) = ^ |woP dx. □ 

3.4.2 Proof of Theorem [2] 

As above, let {v, A, v°°) be an admissible measure- valued solution, and, by abuse 
of notation, let us denote by {v,\,v°°) also the corresponding lifted Young 
measure on x Sq as in Section [2331 In the proof of Proposition [T5l above, we 
showed that for every A: € N there exists a subsolution {v^ , ) 6C°°(M'*x[0,r]) 
such that 



{v^,u^) '-^ {v,\,v°°) as k 



Y2 



oo 

1 



]^j\v\xM^dx-\j \v,{x)\^dx 

sup / e{v'',u'')dx<l- \vofdx + ^ 
u[o,t]Jr'' 2 7 



(51) 
(52) 

(53) 
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In this final step, we want to deduce from this the full statement of Theorem 
[21 We will do so by using the argument from [9| for the construction of wild 
initial data. A slight modification of the proof of Proposition 5.1 in [S] yields 
the following statement: 

Proposition 22. Let e L^{Ll x Ll)nC°°{R'' x [0,T]) be a subsolution, 

and let 

eeC{R'^ X [0,r])nC([0,T];L^(R'')) 

such that e{v{x,t) ,u{x,t)) < e{x,t) for all {x,t) € R'' x [0,r]. Then there exists 
a sequence of subsolutions (u",u" ) 6 C°°(]R'' X (0,r]) such that 

inC{[0,T];Ll{R'^)), 

e(z;"(a;,i),w"(a;,0) <e(x,t) V(a;,i) eM'^x (0,T] 

and 

^\v'^{x,0)f =e{x,0) for a.e. xeR'^. (54) 

Indeed, the proof follows along the lines of the proof of Proposition 5.1 in [3], 
by iterating the Claim from there with the functional /^^^ ^ji'Ca;, 0)p - e{x, 0) dx 
instead of J^^ ^\v{x,0)\'^ - Idx, and only considering the functions for times 
t>0. 

With this assertion at hand, we proceed as in the proof of Proposition [TBI 
Choose Ck e CiR'^ x [0,T]) n C{[0,T]; L^{R'')) so that 

• e{v''{x,t),u''{x,t)) < ek{x,t) for all {x,t) e K'' x [0,r]; 

• supt/jjrfgfc -e(u'=,u'=)da; < i; 

• S^dek{x,t)dx < /jjd efe(x,0)rfa; for alH € [0,T]. 

Such a choice is possible because of (|52p - ([55[) . 

Then, apply Proposition [22] to each {v^,u^) with e^. We obtain sequences 
(t;*^'", u'"'"), and as in the proof of Proposition [T6l we can extract a diagonal 
subsequence n = n{k) such that 

^,fc,„(fc) _ ^fc ^ Q Li^^{w^ X (o,r)) . 

Moreover, we have that v^'^'^^\t = 0) ^- wq strongly in if n{k) is chosen 
sufficiently large: Indeed, on the one hand, we know that = 0) ^ v^{t = 

0) weakly (cf. Proposition [22) . On the other hand, by ([M|) . the choice of e^, 
([53)) . and we have 

L".'^-(t = 0)f -l|t;^(t = 0)||'<-^. 

These two facts imply that v^'"{t = 0) ^- v'^{t = 0) strongly as n ^ oo, and 
hence, if n{k) is suitably chosen, ([52]) yields v^'''^'^^\t = 0) ^- uq strongly in 
as fc oo. 
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Finally, with each v^''^'^^^ we argue as in the proof of PropositionllGb') to find 
exact Euler solutions close to in C([0,T];L^(R'^)) and hence, due to the 

choice of e*^, in L'^^^{W^ x (0,r)). Therefore these Euler solutions generate the 
same Young measure. Furthermore, their initial values ti'^'"('^) {t = 0) are close to 
t;o, and because v^''^'^'^^ satisfies ([M)) . they are admissible. This proves Theorem 

m □ 



3.4.3 Proof of Corollary [3] 

As observed by DiPerna and Majda in [TT], given any initial data e L^(E''), 
a sequence of Leray solutions with viscosity generates a measure-valued 
solution of Euler. Moreover, such a measure-valued solution has initial data 
vq, and it is easy to see from the energy bound that it will be admissible. 
Hence, as in the previous Subsection 13.4.21 we find a sequence of subsolutions 
^^fc,Ti(fc) ^yfc,Ti(fc)^ g^(,]^ ll^gx (passing to a subsequence if necessary) 

|„MW(i = o)-z;o||2<p 

i|i;'='"('=)(x,0)p =efc(x,0) for a.e. x € 

and 

e(i;'''"(''^)(a;,t),u'='"('=)(x,<)) < efc(a;,t) for a.e. x e R*^ and alH > 0. 

Hence, by virtue of Theorem [TTl (which is Proposition 3.3. in f^), for each 
such (^v'^Mk) ^^k.nik)-^ there exist infinitely many solutions for Euler with initial 
data v^'^'^^^t = 0) and energy density Cfc for all times t > Q. By choice of 
Cfc (see Subsection I3.4.2p . these solutions are admissible. This shows that in 
every i^-neighbourhood of there exists initial data admitting infinitely many 
admissible solutions of Euler and thus the corollary is proved. □ 

Finally we remark that if we choose e-k such that J Ckdx is constant in time, 
then the Euler solutions obtained in this way will conserve energy. This shows 
the existence of energy- conserving weak solutions for a dense subset of initial 
data. 



References 

[1] Alibert, J. J., AND BOUCHITTE, G. Non-uniform intcgrability and gen- 
eralized Young measures. J. Convex Anal. 4, 1 (1997), 129-147. 

[2] Ball, J. M. A version of the fundamental theorem for Young measures. 
In PDEs and continuum models of phase transitions (Nice, 1988), vol. 344 
of Lecture Notes in Phys. Springer, Berlin, 1989, pp. 207-215. 

[3] Bauer, H. Measure and integration theory, vol. 26 of de Gruyter Studies 
in Mathematics. Walter de Gruyter & Co., Berlin, 2001. Translated from 
the German by Robert B. Burckel. 



33 



[4] Brenier, Y. The least action principle and the related concept of gen- 
eralized flows for incompressible perfect fluids. J. Amer. Math. Soc. 2, 2 
(1989), 225-255. 

[5] Brenier, Y. Generalized solutions and hydrostatic approximation of the 
Euler equations. Phys. D 237, 14-17 (2008), 1982-1988. 

[6] Brenier, Y., De Lellis, C, and Szekelyhidi, Jr., L. Weak-strong 
uniqueness for measure-valued solutions. Comm. Math. Phys. 305, 2 (2011), 
351-361. 

[7] Dafermos, C. M. Hyperbolic conservation laws in continuum physics, 
third ed., vol. 325 of Grundlehren der Mathematischen Wissenschaften 
[Fundamental Principles of Mathematical Sciences]. Springer- Verlag, 
Berlin, 2010. 

[8] De Lellis, C, and Szekelyhidi, Jr., L. The Euler equations as a 
differential inclusion. Ann. of Math. (2) 170, 3 (2009), 1417-1436. 

[9] De Lellis, C, and Szekelyhidi, Jr., L. On admissibility criteria for 
weak solutions of the Euler equations. Arch. Ration. Mech. Anal. 195, 1 
(2010), 225-260. 

[10] DiPerna, R. J. Measure- valued solutions to conservation laws. Arch. 
Rational Mech. Anal. 88, 3 (1985), 223-270. 

[11] DiPerna, R. J., and Majda, A. J. OsciUations and concentrations in 
weak solutions of the incompressible fluid equations. Comm. Math. Phys. 
108, 4 (1987), 667-689. 

[12] Fonseca, L, and Kruzi'k, M. Oscillations and concentrations generated 
by .A-frce mappings and weak lower semicontinuity of integral functionals. 
ESAIM Control Optim. Calc. Var. 16, 2 (2010), 472-502. 

[13] Fonseca, L, and Muller, S. A-quasiconvexity, lower semicontinuity, 
and Young measures. SI AM J. Math. Anal. 30, 6 (1999), 1355-1390 (elec- 
tronic). 

[14] Fonseca, I., Muller, S., and Pedregal, P. Analysis of concentration 
and oscillation effects generated by gradients. SIAM J. Math. Anal. 29, 3 
(1998), 736-756 (electronic). 

[15] HuNGERBUHLER, N. A refinement of Ball's theorem on Young measures. 
New York J. Math. 3 (1997), 48-53 (electronic). 

[16] KiNDERLEHRER, D., AND Pedregal, P. Characterizations of Young 
measures generated by gradients. Arch. Rational Mech. Anal. 115, 4 (1991), 
329-365. 



34 



[17] Kristensen, J., AND RiNDLER, F. Characterization of generalized gradi- 
ent Young measures generated by sequences in W^'^ and BV. Arch. Ration. 
Mech. Anal. 197, 2 (2010), 539-598. 

[18] Kruzik, M., and Roubi'cek, T. Explicit characterization of L^*- Young 
measures. J. Math. Anal. Appl. 198, 3 (1996), 830-843. 

[19] Lions, P.-L. Mathematical topics in fluid mechanics. Vol. 1, vol. 3 of 
Oxford Lecture Series in Mathematics and its Applications. The Clarendon 
Press Oxford University Press, New York, 1996. Incompressible models, 
Oxford Science Publications. 

[20] MuLLER, S. Variational models for microstructure and phase transitions. 
In Calculus of variations and geometric evolution problems (Cetraro, 1996), 
vol. 1713 of Lecture Notes in Math. Springer, Berlin, 1999, pp. 85-210. 

[21] SCHEFFER, V. An inviscid flow with compact support in space-time. J. 
Geom. Anal. 3, 4 (1993), 343-401. 

[22] Shnirelman, A. On the nonuniquencss of weak solution of the Euler 
equation. Comm. Pure Appl. Math. 50, 12 (1997), 1261-1286. 

[23] Shnirelman, A. Weak solutions with decreasing energy of incompressible 
Euler equations. Comm. Math. Phys. 210, 3 (2000), 541-603. 

[24] Wiedemann, E. Existence of weak solutions for the incompressible Euler 
equations. Ann. Inst. H. Poincare Anal. Non Lineaire 28, 5 (2011), 727- 
730. 

[25] Young, L. C. Generalized curves and the existence of an attained absolute 
minimum in the calculus of variations. Comptes Rendus de la Societe des 
Sciences et des Lettres de Varsovie, classe III 30 (1937), 212-234. 

[26] Young, L. C. Lectures on the calculus of variations and optimal control 
theory. Foreword by Wendell H. Fleming. W. B. Saunders Co., Philadelphia, 
1969. 



35 



